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We investigate the dynamics of two quantum mechanical oscillator system-bath toy models ob-
tained by dimensionally truncating linearized gravity coupled to a massive scalar field and scalar
QED. The scalar-gravity toy model maps onto the phase damped oscillator, while the scalar QED
toy model approximately maps onto an oscillator system subject to two-photon damping. The toy
models provide potentially useful insights into solving for open system quantum dynamics relevant
to the full scalar QED and weak gravitational field systems, in particular the decoherence of initial
scalar field system superposition states.
I. INTRODUCTION
The non-existence of macroscopic mass system quan-
tum superposition states under everyday conditions is
commonly understood to be due to interactions with the
system environment; air molecules, photons, and internal
system defects cause the rapid decoherence of position
and energy superposition states into apparent mixtures
of either/or alternatives that are indistinguishable from a
classical statistical distribution [1–3]. By placing the sys-
tem in ultrahigh vacuum, shielding it from external elec-
tromagnetic radiation, and cooling the system down to
its ground state, quantum mechanics would in principle
allow for macroscopic system superposition states to be
prepared and measured. However, there is one environ-
ment that cannot be screened out–gravity, as expressed
dynamically at the classical level through Einstein’s field
equations [4–9].
From a fundamental perspective, it is interesting to
try to quantify the effect of the gravitational environ-
ment on macroscopic mass/energy superposition states;
even if the predicted gravitationally induced decoherence
times are much longer than for everyday, electromagnetic
environments, having a good quantitative understanding
of the former would allow us to place in principle, un-
avoidable bounds on the coherence times of macroscopic
superposition states, and furthermore help point the way
towards possible future experiments to probe the role of
gravity in enforcing macroscopic classicality.
Under terrestrial or space-based laboratory condi-
tions corresponding to weak spacetime curvature [10], it
should be sufficient to work with linearized gravity [11],
where the matter system-gravitational environment ac-
tion is quadratic in metric deviations hµν from Minkowski
spacetime ηµν [= diag(− + ++)]: gµν = ηµν + κhµν ,
where κ =
√
32piG (with natural units ~ = c = 1). Fur-
thermore, modeling the matter system through quantum
excitations of a massive scalar field, a “first-principles”
starting point for investigating gravitational decoherence
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is the following action:
S[φ, hµν ] = SM [φ] + SE [hµν ] + SI [φ, hµν ], (1)
where the system, environment, and interaction actions
are respectively:
SM [φ] = −1
2
∫
d4x
(
ηµν∂µφ∂νφ+m
2φ2
)
, (2)
SE [hµν ] =
∫
d4x
(
−1
2
∂ρhµν∂ρhµν + ∂νh
µν∂ρhµρ
−∂µh∂νhµν + 1
2
∂µh∂µh
)
, (3)
and
SI =
∫
d4x
(
κ
2
Tµν(φ)hµν +
κ2
4
Uµνρσ(φ)hµνhρσ
)
, (4)
where Tµν(φ) is the scalar field energy-momentum tensor
and Uµνρσ(φ) is a quadratic in φ tensor.
Quantization might then proceed through the deriva-
tion of a master equation for the density matrix of the
scalar matter system, with the (assumed for simplicity)
thermal gravitational environmental degrees of freedom
traced out. Alternatively, a quantum Langevin equation
might be derived for the scalar matter field operator,
again with the gravitational environment integrated out.
One route to obtaining such effective equations is the
closed time path integral approach, which is particularly
suited to field systems [12].
However, as a coupled system-environment field theory
with a gauge symmetry (i.e., general coordinate invari-
ance), the derivation of the quantum gravitational deco-
herence dynamics presents additional technical and con-
ceptual challenges beyond the usual system-environment
models considered in non-relativistic quantum mechan-
ics. Technical challenges involve the necessity for mak-
ing various approximations in order to solve for the
reduced system dynamics. For example, in the usual
open quantum systems analyses, it is assumed that
the system+environment is initially in a product state,
e.g., the system is in a superposition of two distinct
wavepacket or energy states and the environment is in
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2a thermal state. Such a product state can result in an
initial “burst” of decoherence that depends on the upper
cut-off physics of the environment, which in the case of
gravity is unknown. Furthermore, a Born and possibly
Markovian approximation is made, where the influence
of the environment on the system is treated perturba-
tively to lowest non-trivial order, while the environment
is assumed to respond rapidly relative to the system dy-
namics timescale.
Conceptual issues arise in particular from the gauge
invariance. A common, direct approach to obtaining de-
coherence rates is to examine the time evolution of the
off-diagonal matrix elements of the system density opera-
tor in the state basis of interest (e.g., energy eigenstates,
position eigenstates etc.). However, the density operator
is not a gauge invariant quantity; a safer approach is to
extract the decoherence rates through an operational pro-
cedure, i.e., involving an in principle measurement that
can be ascribed to a particular expectation value of an
observable. One such example is the particle detection
number density in an atom interference set-up.
Another issue concerns the possible occurence of
“false” decoherence [13], where the supposed decohered
system can be “recohered” through certain manipula-
tions of the system state.
With such issues in mind, in the present paper we shall
consider two toy system-environment models that are in
turn closely related through dimensional reduction to the
above scalar field-gravity system and to scalar field quan-
tum electrodynamics [14]; the Lagrangian for scalar QED
is
L = −(Dµφ)∗(Dµφ)−m2φ∗φ− 1
4
FµνF
µν , (5)
where Dµ = ∂µ − ieAµ is the covariant derivative and
Fµν = ∂µAν − ∂νAµ is the electromagnetic field strength
tensor. The models are “toys” in the sense that there is
no spatial coordinate–just a time coordinate–and hence
are formally zero-dimensional (0d) field models. Our
motivation here is to utilize the toy models in order
to validate certain approximation methods and opera-
tional approaches to decoherence, thus giving confidence
in eventually applying similar approaches to quantify-
ing actual gravitationally induced decoherence. As zero-
dimensional field systems, the toy models lack any gauge
symmetry, however. It is for this reason that full scalar
field QED is also useful for investigating decoherence and
verifying that the considered decoherence measures are
gauge invariant. In particular, what constitutes a gauge
invariant observable is conceptually clearer in scalar QED
than in gravity and thus the former also serves as a use-
ful pedagogical stepping stone towards addressing gravi-
tational decoherence.
In Sec. II, we introduce the 0d toy model Lagrangians.
Section III analyzes the quantum dynamics of the scalar-
weak gravity toy model, by utilizing an exact solution to
the full system-environment Schro¨dinger equation assum-
ing an initial system-environment product state, with the
oscillator system state expressed in a number state basis
and environment in a thermal state. These solutions are
then utilized to determine the decoherence dynamics of of
initial superpositions of system oscillator coherent states.
Section IV analyzes both the classical and quantum dy-
namics of the scalar QED toy model. In particular, both
classical and quantum Langevin equations as well as a
quantum master equation are derived for the system os-
cillator interacting with its oscillator bath. The master
equation is numerically solved to determine the decoher-
ence dynamics of initial superpositions of system oscil-
lator coherent states. Section V gives some concluding
remarks.
II. 0D TOY MODELS
We consider two distinct oscillator system-environment
models described by the following Lagrangians:
Lgrav =
1
2
Mx˙2 − 1
2
MΩ2x2 +
∑
i
(
1
2
mq˙2i −
1
2
mω2i q
2
i
)
− λ
(
1
2
Mx˙2 +
1
2
MΩ2x2
)∑
i
qi
(6)
and
Lqed =
1
2
M
(
d
dt
+ λ
∑
i
qi
)
x
(
d
dt
+ λ
∑
i
qi
)
x
− 1
2
MΩ2x2 +
∑
i
(
1
2
mq˙2i −
1
2
mω2i q
2
i
)
. (7)
Both model Lagrangians describe an oscillator system
with mass M and bare frequency Ω that is coupled to
a bath of independent oscillators with masses mi and
frequencies ωi. The two models differ in their system-
bath couplings; in particular, the system oscillator cou-
ples via its energy to the bath oscillator coordinates in
Lagrangian Lgrav, a 0d analogue of the T
µνhµν coupling
term in Eq. (4). On the other hand, the interaction term
in Lagrangian Lqed is obtained via a 0d analogue of the
gauge principle of minimal coupling: ∂µ → ∂µ − ieAµ.
Note that the coupling strength parameters λ in Eqs.
(6) and (7) have different dimensions.
Lagrangian (6) yields the standard Hamiltonian of
an optomechanical system under the conditions of weak
system-bath coupling, where a single optical mode fur-
nishes the system oscillator degree of freedom, while the
bath comprises a very large number of mechanical de-
grees of freedom. This is in contrast to usually-considered
optomechanical systems [15], where only one or a few
mechanical degrees of freedom are considered. In the
present case, Lagrangian (6) might describe the dynam-
ics of an optical mode of a cavity embedded within a large
elastic crystal, or alternatively a microwave cavity mode
capacitively coupled to an elastic membrane with large
3transverse extent. As we shall see later in Sec. III, when
placed in an initial superposition of coherent states, such
a system mode undergoes dephasing without damping–
the latter behavior a consequence of the fact that the in-
teraction Hamiltonian commutes with the system Hamil-
tonian. The resulting, effective system dynamics coin-
cides with that of the so-called ‘phase damped’ oscillator
[16].
As we shall see later below in Sec. IV, Lagrangian (7)
describes approximately an oscillator system subject to
two-photon damping [17]. This is in contrast to the usual
quantum Brownian oscillator model with single photon
damping and results in qualitatively different decoher-
ence dynamics from the latter for initial superpositions
of coherent states.
III. SCALAR GRAVITY MODEL
A. Solving the model
Starting with the Lagrangian Lgrav (6), the system and
bath momentum coordinates are
p =
∂L
∂x˙
= Mx˙
(
1− λ
∑
i
qi
)
, (8)
pi =
∂L
∂q˙i
= mq˙i, (9)
where we omit the ‘grav’ subscript from now on. The
model Hamiltonian is
H =
p2
2M
(
1− λ
∑
i
qi
)−1
+
1
2
MΩ2x2
(
1 + λ
∑
i
qi
)
+
∑
i
(
p2i
2m
+
1
2
mω2i q
2
i
)
. (10)
For weak system-environment (bath) coupling, we can
Taylor expand the kinetic energy coupled bath term to
obtain approximately
H =
(
p2
2M
+
1
2
MΩ2x2
)(
1 + λ
∑
i
qi
)
+
∑
i
(
p2i
2m
+
1
2
mω2i q
2
i
)
. (11)
Quantizing and expressing the Hamiltonian (11) in terms
of the oscillator system and bath creation and annihi-
lation operators, which are defined through the respec-
tive relations x =
√
~
2MΩ (a + a
†), p = i
√
MΩ~
2 (a
† − a),
qi =
√
~
2mωi
(ai + a
†
i ), pi = i
√
mωi~
2 (a
†
i − ai), the scalar
gravity model Hamiltonian is
H =~Ω
(
a†a+
1
2
)(
1 +
∑
i
λi
(
ai + a
†
i
))
+
∑
i
~ωi
(
a†iai +
1
2
)
, (12)
where the system-bath coupling is redefined as λi =√
~
2mωi
λ. We recognize in Eq. (12) the familiar form
of the standard optomechanical Hamiltonian, but with a
bath of mechanical oscillator modes (labelled by index i)
in contrast to the usually considered situation of just one
mechanical mode [15].
Solving for the quantum evolution, we will make the
common assumption that the system and bath are in
an initial product state ρs ⊗ ρbath. While the latter as-
sumption facilitates solving for the quantum dynamics,
it is not always justified experimentally, since it neces-
sarily requires that the system quantum state can be
sufficiently isolated and prepared quickly enough com-
pared to the interaction time scale with the bath degrees
of freedom. While such an approximation may be jus-
tified for an electromagnetic environment under certain
conditions, a mass-energy system can never be isolated
from its gravitational environment. Nevertheless, as we
shall see, the ability to solve exactly for the scalar gravity
model quantum dynamics will give insights into the con-
sequences of assuming a product state. It is convenient
to work in a basis of system number states and bath co-
herent states |n, {αi}〉; the time evolution for such a state
can be written as:
e−
iHt
~ |n, {αi}〉 = exp
(
− it
~
[
~Ω
(
n+
1
2
)(
1 +
∑
i
λi(ai
+a†i )
)
+
∑
i
~ωi
(
a†iai +
1
2
)])
|n, {αi}〉 . (13)
Following the analysis of Ref. [18], Eq. (13) can be eval-
uated as:
e−
iHt
~ |n, {αi}〉 =
exp
(
− it
[
Ω
(
n+
1
2
)
+
∑
i
(
ωi
2
− Ω
2λ2i
(
n+ 12
)2
ωi
)]
−
∑
i
i
(
n+ 12
)2
λ2iΩ
2
ω2i
sinωit+
1
2
∑
i
λi
ωi
(
n+
1
2
)
Ω
× [α∗i (1− eiωit)− αi (1− e−iωit)]
)
×
∣∣∣∣∣n,
{
αie
−iωit − Ω
(
n+ 12
)
ωi
λi
(
1− e−iωit)}〉 . (14)
Supposing the bath to initially be in a thermal state, we
can express its initial density matrix in the coherent basis
4as follows [19]:
ρbath =
∏
i
1
pi (eβ~ωi − 1)
∫
dα2i exp
(
− |αi|2
× (eβ~ωi − 1) )|αi〉〈αi|, (15)
where β−1 = kBT , with kB Boltzmann’s constant and T
the bath temperature. Decomposing the initial system-
environment state in the number state basis:
ρinitial =
∑
n,n′
Cnn′ |n〉〈n′| ⊗ ρbath, (16)
we have for the time evolution of the number state outer
products after tracing out the bath degrees of freedom:
|n(t)〉〈n′(t)| = |n〉〈n′| exp
(
− it
[
Ω(n− n′) +
∑
i
Ω2λ2i
ωi
×(n′ + n+ 1)(n′ − n)
]
+ i
∑
i
λ2iΩ
2
ω2i
sin(ωit)(n
′ − n+ 1)
×(n′ − n)− 2
∑
i
(
Ωλi(n− n′)
ωi
)2
coth
(
β~ωi
2
)
× sin2
(
ωit
2
))
. (17)
In order to carry out the sum over bath degrees of free-
dom in Eq. (17), we will assume a bath spectral density
with exponential cut-off frequency ωc:
pi
∑
i
λ2i δ (ω − ωi) = Cωe−ω/ωc . (18)
Using Eq. (18) to replace the sum in Eq. (17) with an
integral over the continuous variable ω, we obtain
|n(t)〉〈n′(t)| = |n〉〈n′| exp
(
− iΩ(n− n′)t+ iCΩ
2
pi
× (n− n′)(n+ n′ + 1) [ωct− tan−1(ωct)]− 2CΩ2
pi
× (n− n′)2
∫ ∞
0
dωω coth
(
β~ω
2
)
sin2(ωt2 )
ω2
e−ω/ωc
)
.
(19)
The integral in the above expression can be evaluated:∫ ∞
0
dωω coth
(
β~ω
2
)
sin2(ωt2 )
ω2
e−ω/ωc
=
1
4
ln
(
1 + t2ω2c
)
+
1
2
ln
 Γ2
(
1
β~ωc + 1
)
Γ
(
1−itωc
β~ωc + 1
)
Γ
(
1+itωc
β~ωc + 1
)
 . (20)
Taking the limit β~ωc →∞ (i.e, upper cut-off frequency
large compared to the bath temperature), we have
Γ2
(
1
β~ωc + 1
)
Γ
(
1−itωc
β~ωc + 1
)
Γ
(
1+itωc
β~ωc + 1
) → β~
pit
sinh
(
pit
β~
)
. (21)
With approximation (21), Eq. (19) becomes
|n(t)〉〈n′(t)| = |n〉〈n′| exp
[
− iΩ(n− n′)t+ iCΩ
2
pi
× (n− n′)(n+ n′ + 1) [ωct− tan−1(ωct)]− CΩ2
pi
× (n− n′)2
(
1
2
ln
(
1 + t2ω2c
)
+ ln
[
β~
pit
sinh
(
pit
β~
)])]
.
(22)
We now discuss the various terms appearing in Eq.
(22). First, note that the outer product is time-
independent for n = n′, a consequence of the fact that
the system oscillator Hamiltonian commutes with the
system-bath interaction Hamiltonian. The first, pure
imaginary term −iΩ(n− n′)t in the argument of the ex-
ponential is just the free oscillator system evolution. The
second pure imaginary term
i
CΩ2
pi
(n− n′)(n+ n′ + 1) [ωct− tan−1(ωct)] (23)
is cut-off dependent and comprises both a linear term in
system number, which renormalizes the system oscillator
frequency Ω, and a quadratic term in system number that
is in fact of the same form as the free evolution of a Kerr
nonlinear oscillator expressed in the number state basis:
H = ~Ωa†a+ ~Λkerr(a†a)2. (24)
Thus, we should properly include a Kerr-type nonlinear-
ity in our starting Hamiltonian (12), with the environ-
mentally induced term iCΩ
2
pi (n − n′)(n + n′)ωct renor-
malizing the nonlinear interaction strength Λkerr. The
latter term may be thought of as somewhat analogous
to the Newtonian gravitational self-interaction arising
from the interaction of a matter system with its grav-
itating environment. Since we are primarily concerned
with decoherence in the present work, we will neglect the
quadratic in number term, supposing that it renormal-
izes an existing Kerr nonlinearity with resulting negligi-
ble renormalized coupling strength Λkerr. For t  ω−1c ,
the tan−1(ωct) term in (23) tends to pi/2; this term
can be absorbed through a shift in the time coordinate:
t→ t˜ = t− pi/(2ωc).
Taking into account the system frequency and Kerr
nonlinearity renormalizations as just described, Eq. (22)
simplifies to
|n(t)〉〈n′(t)| = |n〉〈n′| exp
(
− iΩ(n− n′)t− C
pi
× (n− n′)2
(
1
2
ln
(
1 + t2ω2c
)
+ ln
[
β~
pit
sinh
(
pit
β~
)]))
,
(25)
5where we have redefined the coupling constant as C →
C˜ = CΩ2 and dropped the tilde. The real term on the
second line of the argument of the exponential results in
decoherence, i.e., exponential decay of the outer product
for n 6= n′. In the high temperature (equivalently long
time) limit corresponding to t  β~  ω−1c , Eq. (25)
can be approximated asymptotically as
|n(t)〉〈n′(t)| = |n〉〈n′| exp
(
− iΩ(n− n′)t
− (n− n′)2C
[
1
pi
ln
(
β~ωc
2pi
)
+ (β~)−1t
])
. (26)
From Eq. (26), it is clear that the outer product terms
for n 6= n′ decay exponentially with rate given by
(n−n′)2CkBT/~. Note however, that for early, ‘Planck-
ian’ (by analogy with gravity) times t <∼ ω−1c , the rate of
decoherence is governed by the upper cut-off ωc, resulting
in the logarithm term appearing in Eq. (26); depending
on the magnitude of the ratio ~ωc/kBT  1, there may
already be a significant ‘burst’ of decoherence during the
‘Planckian’ regime before the later, high temperature ex-
ponential decoherence regime. The fact that the decoher-
ence rate depends on the upper cut-off frequency ωc is a
consequence of assuming an initial system-environment
product state [20]. The latter assumption is tantamount
to supposing that the system initial state can be pre-
pared on time scales shorter than ω−1c . While this may be
possible for low energy, solid state system environments
(i.e., phonons), for an actual gravitational environment
with corresponding characteristic Planck time scale, the
system state cannot be similarly isolated from the gravi-
tational environment; an analysis which accounts for the
system remaining correlated with the environment while
its state is being prepared on timescales that are long
compared with ω−1c , is expected to result in a subsequent
decoherence rate that does not depend on the upper cut-
off frequency of the environment.
B. Decoherence
In the following, we will use Eq. (25) to determine the
decoherence dynamics of the oscillator system for initial
coherent state superpositions:
ρinit = N (|α1〉+ |α2〉) (〈α1|+ 〈α2|)⊗ ρbath, (27)
where |α1〉 and |α2〉 denote coherent states and N is
the normalization constant. We consider coherent states
since they describe most closely a cooled down, macro-
scopic oscillator center of mass system. We emphasise
that we do not rely on any of the approximations that
are often invoked in the study of open quantum system
dynamics (beyond assuming an initial product state).
In particular, the following analysis is valid for both
short/long time scales and high/low temperatures.
Note from the form of (exact) Eq. (25), that the sys-
tem will evolve into a classical mixture of number states
with probability coefficients that are identical to the co-
efficients of the initial system state. In contrast to other
types of system-bath interaction where the final steady
state of the system is usually temperature dependent, for
the present model the temperature only determines how
fast the system decoheres–not its long time limit steady
state.
(a) τ = pi/2 (b) τ = 9pi/2 (c) τ →∞
(d) τ = pi/2 (e) τ = 9pi/2 (f) τ →∞
(g) τ = pi/2 (h) τ →∞
FIG. 1: Wigner function snapshots for different times
τ = Ωt for the oscillator system. Horizontal coordinate
is for dimensionless position x
√
MΩ/~ and vertical
coordinate is for dimensionless momentum p/
√
MΩ~.
Example coherent state parameters are (a)-(c) α1 = 3,
α2 = −3; (d)-(f) α1 = 3, α2 = −5; (g), (h) α1 = 3,
α2 = −7. Other fixed system-bath parameters are:
β~Ω = 1, ωc/Ω = 103, C/pi = 0.001.
From Eq. (25), we see that the decoherence rate is
proportional to (n−n′)2 for a superposition of two num-
ber states |n〉 and |n′〉. Thus, for a superposition of co-
herent states, we expect that the larger the average en-
ergy difference, the more rapid the decoherence. This
trend is apparent in the oscillator system Wigner func-
tion [21] snapshots shown in Fig. 1. For the initial,
example superposition state with α1 = 3, α2 = −7,
the negative Wigner function regions disappear in the
long time limit (signifying loss of quantum coherence).
On the other hand, for the initial example superposition
states with nearby coherent state parameter magnitudes:
α1 = −α2 = 3, α1 = 3 and α2 = −5, negative Wigner
function regions remain in the long time limit (signifying
remaining quantum coherence), as is seen more clearly
for the zoomed-in Fig. 2. Such trends are consistent
with decoherence only resulting for initial spatial super-
positions where the states making up the superposition
have sufficiently distinct average energies; initial spatial
superpositions with the same (or nearby) average ener-
gies for the states making up the superposition do not
completely decohere. Also, note from the Wigner func-
tion snapshots in Fig. 1 and Fig. 2 that the initial co-
6(a) τ →∞ (b) τ →∞
FIG. 2: Zoomed-in snapshots of Wigner function: (a)
α1 = −α2 = 3; (b) α1 = 3, α2 = −5.
herent superpositions phase-diffuse first into crescent-like
regions and then eventually into rings. This is consistent
with the fact that, as mentioned above, the final state is
always a mixture of number states.
An operational way (i.e., in principle measurement
procedure) to quantify the coherence is through the
system oscillator position detection probability density
P (x, t) = 〈x|ρ(t)|x〉 when the two (initially coherent)
wavefunctions making up the superposition pass through
each other at x = 0; these time instants are τn = Ωtn =
pi(n + 1/2), n = 0, 1, 2, . . . for the initial coherent state
superposition examples considered above, as can be seen
for the early time snapshots in Fig 1. The presence of co-
herence is manifested in P (x, t) having an oscillatory de-
pendence about x = 0. The latter operational approach
corresponds to a two-slit inteference measurement, where
the harmonic potential plays the role of the slits by (pe-
riodically) bringing the wavefunction components in the
initial superposition together. Figure 3 shows the po-
sition probability distribution function in the long time
limit, steady state for the various example initial coher-
ent state superpositions; we can see that the probability
density indicates interference fringes in the vicinity of
x = 0 consistent with the presence of negative-valued
Wigner function regions shown in Fig. 1; the snapshots
can be interpreted as the marginal probability distribu-
tions obtained by integrating over the momentum coor-
dinate Wigner function distributions. In particular, the
interference remains for α1 ' −α2, where the average
energies of each coherent state making up the initial su-
perposition are not too dissimilar. Note that the other,
larger scale scale probability variations in Fig. 3 are due
to the final, steady state being a mixture of different
number states, as mentioned earlier above.
We adopt the commonly used ‘visibility’ as a measure
of the size of the interference fringes, defined as
ν =
Pmax − Pmin
Pmax + Pmin
, (28)
where Pmax is the central maximum of the probability
density P (x) at x = 0 , and Pmin is the first local mini-
mum of the probability to the right (or left) of the central
maximum. The decrease in visibility over time starting
from the initial superposition state (27), provides an op-
erational, quantitative measure of decoherence; Fig. 4
(a) (b)
(c) (d)
FIG. 3: Snapshots of the (unnormalized) position
probability density P vs dimensionless position
coordinate x
√
MΩ/~ in the long time limit, steady
state. Probability density shown here should be
understood with an overall normalization constant. (a)
α1 = −α2 = 3; (b) α1 = −α2 = −5; (c) α1 = 3 and
α2 = −5; (d) α1 = 3 and α2 = −7.Other fixed
system-bath parameters are: β~Ω = 1, ωc/Ω = 103,
C/pi = 0.001.
gives the visibility as a function of time for various exam-
ple, initial coherent state, bath temperature, and system-
bath coupling parameters. As to be expected, the visi-
bility decreases more rapidly the higher the temperature
and the stronger the coupling. Also, the more dissimi-
lar in magnitude α2 < 0 is from α1 > 0 (and hence the
larger the average energy difference) in the initial coher-
ent state superposition, the more rapid is the decrease in
visibility.
IV. SCALAR QED MODEL
In contrast to the scalar-gravity 0d toy model, the
scalar QED toy model does not admit an exact, analytical
solution for its quantum dynamics. We will therefore uti-
lize various approximation methods towards solving for
its quantum dynamics. In particular, we consider both
quantum Langevin and master equation approaches, and
approximations within these approaches that take advan-
tage of the assumed weak system-bath interaction.
7(a)
(b) (c)
FIG. 4: Visibility as a function of dimensionless time
τ = Ωt. The example parameters are (a) α1 = 3,
α2 = −5, C/pi = 0.0001; (b) α1 = 3, α2 = −5,
kBT/(~Ω) = 1; (c) α1 = 3, C/pi = 0.0001,
kBT/(~Ω) = 1.
A. Classical Langevin equation
We start with the Lagrangian Lqed (7) and will first
derive the Langevin equation that describes the classical
oscillator system dynamics interacting with the oscillator
bath following the approach of Ref. [22]. Expanding out
the kinetic energy term of Eq. (7), we have
L =
1
2
Mx˙2 − 1
2
MΩ2x2 +
∑
i
(
1
2
mq˙2i −
1
2
mω2i q
2
i
)
+Mλxx˙
∑
i
qi +
1
2
Mλ2x2
∑
i,j
qiqj , (29)
where we omit the ‘qed’ subscript from now on. The
system and bath momentum coordinates are
p =
∂L
∂x˙
= Mx˙+Mλx
∑
i
qi, (30)
pi =
∂L
∂q˙i
= mq˙i, (31)
and the model Hamiltonian is
H =
p2
2M
+
1
2
MΩ2x2 +
∑
i
(
p2i
2m
+
1
2
mω2i q
2
i
)
−λxp
∑
i
qi. (32)
Hamiltonian (32) is to be compared with the gravity toy
model Hamiltonian (11), which differs solely in the form
of the system coordinate part of the interaction term;
both models have in common a quadratic system coordi-
nate coupling, to be contrasted with the usually studied
oscillator system-oscillator bath model with interaction
term that is linear in the coupled system and bath coor-
dinates.
Hamilton’s equations for the system and bath coordi-
nates are
p˙i = −mω2i qi + λxp, (33)
q˙i =
pi
m
, (34)
p˙ = −MΩ2x+ λp
∑
i
qi, (35)
x˙ =
p
M
− λx
∑
i
qi. (36)
Formally integrating the equations of motion (33), (34)
for the bath coordinates and expressing in terms of the
system coordinates:
qi(t)− λx(t)p(t)
mω2i
=[
qi(0)− λ
mω2i
x(0)p(0)
]
cosωit+
pi(0)
mωi
sinωit
− λ
mω2i
∫ t
0
dτ cosωi(t− τ) d
dτ
(x(τ)p(τ)) , (37)
where we have performed an integration by parts that
allows to identify system renormalization and damping
terms as we shall see below. Substituting the solution
(37) for qi(t) into the equations of motion (35), (36) for
the system coordinates leads to the following non-linear
Langevin equations:
x˙ =
∂Hm
∂p
+ λ2x
∫ τ
0
dτK(t− τ) d
dτ
(x(τ)p(τ))− λxF (t),
(38)
p˙ = −∂H
m
∂x
− λ2p
∫ t
0
dτK(t− τ) d
dτ
(x(τ)p(τ))
+ λpF (t), (39)
where the renormalized system Hamiltonian is
Hm =
p2
2M
+
1
2
MΩ2x2 − λ2
∑
i
1
2mω2i
x2p2, (40)
the bath memory kernel is
K(t− τ) =
∑
i
1
mω2i
cosωi(t− τ), (41)
and the bath random force function is
F (t) =
∑
i
([
qi(0)− λ
mω2i
x(0)p(0)
]
cosωit
+
pi(0)
mωi
sinωit
)
. (42)
8Note that the bath induces a quartic anharmonic po-
tential in the system Hamiltonian (40). Such a term
is analogous to a Coulomb self-interaction potential in
the scalar QED field system. After making the rotating
wave approximation, the interaction term reduces to a
Kerr-type nonlinearity [c.f. Eq. (24)]. Together with
‘two-photon’ damping [see Eq. (69) below], the resulting
open system quantum dynamics can generate quantum
states with negative-valued Wigner function regions in
the long-time limit, starting from initial Gaussian states
[23]. In the following, with decoherence dynamics our
main subject of interest, we will neglect this induced po-
tential energy term, supposing that it renormalizes an
existing anharmonic potential with resulting negligible
renormalized coupling strength.
Assuming a thermal equilibrium canonical ensemble
distribution for the initial bath coordinates qi(0), pi(0)
in Eq. (42), it can be shown that the fluctuation dissipa-
tion relation (FDR) between the memory kernel and the
random force follows:
〈F (t)F (τ)〉 = kBTK(t− τ), (43)
where kB is Boltzmann’s constant and T is the bath
temperature. We shall assume that the bath responds
rapidly on the time-scale of the system oscillator dynam-
ics, so that memory kernel is approximated as K(t−τ) =
k0δ(t − τ), where k0 is a constant. The Langevin equa-
tions (38), (39) then become
x˙ =
p
M
+
1
2
λ2k0x
d
dt
(xp)− λxF, (44)
p˙ = −MΩ2x− 1
2
λ2k0p
d
dt
(xp) + λpF, (45)
with the FDR (43) taking the form
〈F (t)F (τ)〉 = kBTk0δ(t− τ). (46)
The above delta function-approximated memory ker-
nel can be obtained from a bath spectral density n(ω)
with upper cut-off frequency ωc in the limit ωc →∞. In
particular, for a dense bath spectrum, we can approxi-
mate the sum over bath degrees of freedom with a bath
spectral frequency integral:∑
i
(· · · )→
∫ ∞
0
dωn(ω) (· · · ) . (47)
Assuming a Lorentzian spectral density
n(ω) =
mk0
pi
ω2ω2c
ω2 + ω2c
, (48)
the memory kernel (41) then becomes
K(t− τ) = k0ωc
2
e−ωc|t−τ |. (49)
Taking the infinite limit ωc → +∞, we obtain the above
delta function-approximated memory kernel:
lim
ωc→+∞
K(t− τ) = k0δ(t− τ). (50)
Note that we could equally well have assumed a spec-
tral density with exponential cut-off function instead,
as for the gravity toy model [c.f. Eq. (18)]; while the
calculations are somewhat more straightforward for the
Lorentzian spectral density, we do not expect any qualita-
tive differences in the resulting system quantum dynam-
ics. The classical, non-linear Langevin equations (44),
(45) can be numerically solved as stochastic differential
equations as we show in the following sections when com-
paring with the corresponding quantum dynamics.
B. Quantum Langevin equation
The quantum description is obtained through the cor-
respondence principle where x, p and pi, qi become op-
erators satisfying the canonical commutation relations:
[x, p] = i~, [xi, pj ] = i~δij , (51)
with all other commutators vanishing. From Eq. (32),
the quantum Hamiltonian operator is
H =
p2
2M
+
1
2
MΩ2x2 +
∑
i
(
p2i
2m
+
1
2
mω2i q
2
i
)
− λ
2
∑
i
qi(xp+ px), (52)
where the interaction term on the second line is sym-
metrized in x and p in order that H is Hermitian. For-
mally integrating Heisenberg’s equations of motion for
the bath operators, we obtain the following quantum
Langevin equations for the system position and momen-
tum operators:
x˙ =
p
M
− λ2
∑
i
1
2mω2i
x (xp+ px)
+ λ2x
∑
i
∫ τ
0
dτ
cosωi(t− τ)
2mω2i
d
dτ
(xp+ px)− λF (t)x,
(53)
p˙ = −MΩ2x+ λ2
∑
i
1
2mω2i
p (xp+ px)
− λ2p
∑
i
∫ τ
0
dτ
cosωi(t− τ)
2mω2i
d
dτ
(xp+ px) + λF (t)p,
(54)
where the force noise operator is given by Eq. (42)
with the system/bath coordinates and momenta replaced
by their corresponding operators. It is convenient to
express the quantum Langevin equations in terms of
the system creation and annihilation operators which
are defined through the relations x =
√
~
2MΩ (a + a
†),
9p = i
√
MΩ~
2 (a
† − a):
a˙ = −iΩa− i~λ
2
2
∑
i
1
mω2i
a†
(
a†2 − a2)− λF (t)a†
+
i~λ2
2
a†
∑
i
∫ t
0
dτ
cosωi(t− τ)
mω2i
d
dτ
(
a†2 − a2) (55)
Under conditions of weak system-environment cou-
pling, Eq. (55) can be simplified by applying the rotating
wave approximation (RWA) as we now show. Making the
substitution a(t) = A(t)e−iΩt in Eq. (55), we obtain
A˙ = − i~λ
2
2
∑
i
1
mω2i
A†
(
e4iΩtA†2 −A2)
+
i~λ2
2
A†e2iΩt
∑
i
∫ t
0
dτ
cosωi(t− τ)
mω2i
d
dτ
(
A†2e2iΩτ
−A2e−2iΩτ)− λe2iΩtF (t)A†. (56)
Dropping fast rotating terms (RWA), neglecting time
derivatives of A(τ) (since A evolves at much slower rates
than Ω), and setting A(τ) = A(t) (Markov approxima-
tion), Eq. (56) becomes approximately
A˙ =
i~λ2
2
∑
i
1
mω2i
A†A2 − λe2iΩtF (t)A†
− ~Ωλ2
∑
i
∫ t
0
dτ
cosωi(t− τ)
mω2i
e2iΩ(t−τ)A†(t)A(t)2.
(57)
Utilizing the Lorentzian spectral density (48), Eq. (57)
becomes
A˙ =
iγωc
2Ω
A†A2 − γωc
ωc − 2iΩA
†A2 − λe2iΩtF (t)A†, (58)
where we have dropped fast oscillating terms and where
γ = ~Ωλ2k0/2. For ωc  Ω and neglecting the anhar-
monic interaction term, Eq. (58) becomes
A˙ = −γA†A2 − λe2iΩtF (t)A†. (59)
Defining the noise operator as
b(t) =
−λe2iΩtF (t)
2
√
γ
(60)
and utilizing Eqs. (42), (48) and the RWA, the usual
noise operator (anti)commutation rules follow:
[b(t), b†(t′)] = δ(t− t′),
{b(t), b†(t′)} = δ(t− t′)(2n(2Ω) + 1), (61)
where Bose-Einstein thermal average occupation num-
ber is evaluated at twice the system oscillator frequency:
n(2Ω) =
(
e2~Ω/kBT − 1)−1. Finally, transforming back
to the non-rotating frame, A(t) = a(t)eiΩt, we obtain
our desired, RWA quantum Langevin equation:
a˙ = −iΩa− γa†a2 + 2√γe−2iΩtba†, (62)
From Eq. (62), we see that the parameter γ has the di-
mensions of inverse time and characterizes the strength of
a nonlinear damping term. Equation (62) can be solved
numerically as a quantum stochastic differential equation
or approximately by first deriving the equations for the
various moments in a, b, and their Hermitian conjugates
and truncating at some order.
C. Quantum master equation
An alternative way to express the quantum dynamics
is via the quantum master equation, where the time evo-
lution is given by the system reduced density matrix. To
second order in the interaction potential and assuming
that the bath responds much more rapidly than the sys-
tem oscillation timescale (Born-Markov approximation),
the master equation for system density matrix ρ in the
interaction picture is approximately
dρ
dt
= − 1
~2
∫ t
0
dt′TrB [V (t), [V (t′), ρ(t)⊗ ρB ]] , (63)
where ρB is the initial thermal state of the bath, TrB
denotes the trace over the bath state and V (t) is the
system-bath interaction Hamiltonian expressed in the in-
teraction picture:
V (t) =
i~λ
2
∑
i
√
~
2mωi
eiH0t
(
b†i + bi
) (
a†2 − a2) e−iH0t
=
i~λ
2
∑
i
√
~
2miωi
(
b†ie
iωit + bie
−iωit
)
× (a†2e2iΩt − a2e−2iΩt) (64)
In order to simplify the next steps, we introduce the fol-
lowing shorthand notation:
A(t) = a†2e2iΩt − a2e−2iΩt (65)
B(t) =
∑
i
√
~
2mωi
(
b†ie
iωit + bie
−iωit
)
. (66)
Expanding out Eq. (63) and substituting in Eqs. (65)
and (66), we obtain:
dρ
dt
=
λ2
4
∫ t
0
dt′ {[A(t)A(t′)ρ−A(t′)ρA(t)] 〈B(t)B(t′)〉
+ [ρA(t′)A(t)−A(t)ρA(t′)] 〈B(t′)B(t)〉} , (67)
where
〈B(t)B(t′)〉 =
∑
i
~
2mωi
[
(n(ωi) + 1)e
−ωi(t−t′)
+n(ωi)e
iωi(t−t′)
]
. (68)
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Using the bath spectral density (48) and applying the
RWA, we obtain the following quantum master equation:
dρ
dt
=iΩ[ρ, a†a] +
γ
2
(n+ 1)
(
[a2ρ, a†2] + [a2, ρa†2]
)
+
γ
2
n
(
[a†2ρ, a2] + [a†2, ρa2]
)
, (69)
where n = n(2Ω) =
(
e2~Ω/kBT − 1)−1. In Eq. (69), we
recognize an oscillator subject to ‘two-photon’ damping.
As a consistency check, we can obtain an equation for
the expectation value of a starting either from the quan-
tum Langevin equation (62) with 〈a〉 = Tr (a(t)ρ(0)) or
from the master equation (69) with 〈a〉 = Tr (a(0)ρ(t));
both approaches coincide to give
〈a˙〉 = −iΩ〈a〉 − γ〈a†a2〉+ 2γn(2Ω)〈a〉. (70)
D. Validity of the RWA and quantum vs classical
dynamics
Starting with the 0d analogue scalar QED model
Lagrangian (7), in the previous sections we derived a
Markov approximated classical Langevin equation (44),
(45), a Markov-RWA quantum Langevin equation (62),
and a corresponding Markov-RWA quantum master
equation (69). In the following, we will test the valid-
ity of the RWA at the classical level, as well as compare
the classical versus RWA quantum dynamics for the av-
eraged quantities 〈a〉 and 〈a†a〉.
It is convenient to express the classical Langevin
equations (44), (45) in terms of the complex coordi-
nates (a, a∗) corresponding to the quantum annihila-
tion/creation operators:
a˙ = −iΩa+ iγ
2Ω
d
dt
(a∗a∗ − aa)a∗ −
√
2γ
~Ω
F˜ a∗, (71)
where F˜ = F/
√
k0, so that 〈F˜ (t)F˜ (τ)〉 = kBTδ(t − τ).
The corresponding classical RWA Langevin equation is
[c.f. Eq. (62)]:
a˙ = −iΩa− γa2a∗ −
√
2γ
~Ω
F˜ a∗. (72)
We treat the non-RWA (71) and RWA (72) Langevin
equations as classical stochastic differential equations:
da = −iΩadt+ iγ
2Ω
d
dt
(a∗a∗ − aa)a∗dt−
√
2γkBT
~Ω
a∗dW,
(73)
da = −iΩadt− γa2a∗dt−
√
2γkBT
~Ω
a∗dW, (74)
where W is the standard Wiener process.
Figures 5 and 6 give numerical solutions to these classi-
cal stochastic equations as well as to the quantum master
equation (69) (the latter solved using QuTiP [24]) for a
range of damping parameters γ and bath temperatures
T . These parameters are respectively expressed in terms
of the dimensionless Q = Ω/γ factor and thermal average
bath occupation number n. The quantum system is ini-
tially in a coherent state |α〉 for which a|α〉 = α|α〉, while
the corresponding classical system is given an initial am-
plitude a(0) = α, in order to allow a direct comparison
between the quantum and classical dynamics. From Fig.
(a) (b)
(c) (d)
FIG. 5: Plots of the dimensionless average position
〈x〉√MΩ/(2~) = Re [〈a〉] as a function of dimensionless
time τ = Ωt. The initial value α = a(0) = 4 in each
plot. The time evolution of the classical amplitude a(t)
is the result of averaging over 3000 stochastic
trajectories. The example parameters are (a) Q−1 =
0.003, n = 3; (b) Q−1 = 0.005, n = 3; (c) Q−1 = 0.003,
n = 5; (d) Q−1 = 0.005, n = 5.
5, it can be seen that increasing n and Q−1 both lead to
faster decay of the amplitude, signalling the non-linear
nature of the damping and noise terms in the system
Langevin and quantum master equations. It can also
be seen that the difference between non-RWA, RWA and
classical vs quantum is barely visible with the chosen pa-
rameters. However, such differences clearly show up in
Fig. 6 where we consider the time evolution of the aver-
age system number 〈a†a〉. In particular, throwing away
fast rotating terms due to RWA results in smoothing of
the oscillating behaviour of the non-RWA time evolution
of 〈a†a〉. Furthermore, the quantum simulation of 〈a†a〉
decays faster than the corresponding classical approxi-
mation.
11
(a) (b)
(c) (d)
FIG. 6: Plots of the average system number 〈a†a〉 as a
function of dimensionless time τ = Ωt. The initial value
α = a(0) = 4 in each plot. The time evolution of the
classical absolute amplitude squared a(t)a∗(t) is the
result of averaging 5000 stochastic trajectories. The
example parameters are (a) Q−1 = 0.003, n = 3; (b)
Q−1 = 0.005, n = 3; (c) Q−1 = 0.003, n = 5; (d)
Q−1 = 0.005, n = 5.
E. Decoherence
In the following, we consider the evolution of system
oscillator initial coherent state superpositions of the form
|ψ(0)〉 = N (|α〉+ | − α〉) , (75)
where N is a normalization constant. Figure 7 displays
the evolving state through its Wigner function repre-
sentation [21] for a selection of α, n, and Q parameter
values–obtained by numerically solving the master equa-
tion (69). Quantum coherence manifested in the pres-
ence of negative-valued Wigner function regions can sur-
vive longer than the amplitude damping time. This is to
be contrasted with the commonly-investigated quantum
Brownian oscillator model with single photon damping,
described by the following master equation:
dρ
dt
=iΩ[ρ, a†a] +
γ
2
(n+ 1)
(
2aρa† − a†aρ
− ρa†a)+ γ
2
n
(
2a†a− aa†ρ− ρaa†) . (76)
For the latter master equation, decoherence proceeds
more rapidly than amplitude damping.
Figure 7 gives snapshots of the system oscillator po-
sition probability density P (x, t) = 〈x|ρ(t)|x〉 when the
two initial coherent state wavefunctions making up the
superposition pass through each other at x = 0 (at time
(a) τ = 0 (b) τ = 3pi
2
(c) τ = 9pi
2
(d) τ = 0 (e) τ = 3pi
2
(f) τ = 9pi
2
FIG. 7: Wigner function snapshots at different times.
Horizontal coordinate is for dimensionless position
x
√
MΩ/~ and vertical coordinate is for dimensionless
momentum p/
√
MΩ~. The example parameters are (a),
(b) and (c): α = 3, n = 3 and Q−1 = 0.001; (d), (e) and
(f): α = 3, n = 5 and Q−1 = 0.001.
instants τk = Ωtk = pi(k + 1/2), k = 0, 1, 2, . . . ). These
snapshots can be interpreted as the marginal probability
distributions obtained by integrating over the momen-
tum coordinate of Wigner function distributions that are
similar to those shown in Fig. 7 (but for different pa-
rameter values). The presence of quantum coherence is
manifested in P (x, t) having an oscillatory dependence
about x = 0. In contrast to the gravity toy model (c.f.,
Fig. 3), the interference fringes survive longer than the
initial coherent state peaks; even after 190 cycles a small
amount of interference is still present, while the initial
coherent states have decayed away.
Proceeding as in Sec. III B for the scalar gravity model,
We can operationally quantify the decoherence of an ini-
tial superposition of coherent states by using the fringe
visibility measure ν (28) for the position detection proba-
bility density. Figure 9 shows the time dependence of the
visibility ν for a range of parameter choices. Consistent
with expectations, the rate at which visibility is reduced
increases with larger initial amplitude, as well as larger
damping parameter and bath temperature.
V. CONCLUDING REMARKS
In the present work, we have explored two system-bath
models that share common features with a scalar field
system weakly coupled to gravity, and also with scalar
QED. The considered model system is a single harmonic
oscillator and the gravitational and electromagnetic fields
are replaced with a bath of harmonic oscillators, in each
case coupled to the oscillator system via an interaction
term that resembles the respective scalar-weak field grav-
ity and scalar QED interactions. We utilized these mod-
els as a test bed for various approximation methods that
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(a)
(b)
(c) (d)
FIG. 8: Snapshots of the (unnormalized) position
probability density P vs dimensionless position
coordinate x
√
MΩ/~ when the two initial coherent
states in the superposition pass through each other at
x = 0 at times (a) τ = pi/2, (b) τ = (6 + 1/2)pi/2, (c)
τ = (42 + 1/2)pi/2 and (d) τ = (190 + 1/2)pi/2 . The
example parameters are Q−1 = 0.0005, α = 5, and
n = 3. The probability density should be understood
with an overall normalization constant.
are useful for analyzing the system quantum dynamics
interacting with a thermal bath, in particular the deco-
herence of initial coherent superposition states for the
system. The next step will be to apply some of the con-
sidered methods to the actual scalar gravity and scalar
QED systems. While the latter quantum field systems
are of course more challenging to analyze, the calcula-
tional insights gained from the present work might nev-
ertheless serve as a useful guide in analyzing gravitational
decoherence.
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